We present a theoretical magnetohydrodynamic (MHD) model describing the time-dependent expulsion of a three-dimensional coronal mass ejection (CME) out of the solar corona. The model relates the white-light appearance of the CME to its internal magnetic Ðeld, which takes the form of a closed bubble, Ðlled with a partly anchored, twisted magnetic Ñux rope, and embedded in an otherwise open background Ðeld. The model is constructed by solving in closed form the time-dependent ideal MHD equations for a c \ 4/3 polytrope making use of a similarity assumption and the application of a mathematical stretching transformation in order to treat a complex Ðeld geometry with three-dimensional variations. The density distribution frozen into the expanding CME magnetic Ðeld is obtained. The scattered white light integrated along the line of sight shows the conspicuous three features often associated with CMEs as observed with white-light coronagraphs : a surrounding high-density region, an internal low-density cavity, and a high-density core. We also show how the orientation of this three-dimensional structure relative to the line of sight can give rise to a variety of di †erent geometric appearances in white light. These images generated from a CME model in a realistic geometry o †er an opportunity to directly compare theoretical predictions on CME shapes with observations of CMEs in white light. The mathematical methods used in the model construction have general application and are described in the Appendices.
INTRODUCTION
Coronal mass ejections (CMEs) are episodic expulsions of mass and magnetic Ðeld from the solar corona into the solar wind Jocelyn, & Feynman (Crooker, 1997 ; Fisher et al. Hundhausen 1984 ; Hildner 1992 ; Howard 1985 ; , Low Each 1995 , Kahler 1992 1990 MacQueen 1980) . event produces a large-scale reconÐguration of the coronal magnetic Ðeld, and its expelled mass of about 1015 g is a signiÐcant perturbation in the solar wind. CMEs are one example of the ubiquitous magnetohydromagnetic (MHD) expulsion of mass from central bodies in the astrophysical universe, and are unique in that the proximity of the Sun allows us to observe the CME directly as a spatially resolved event ; from preeruption, through the fully developed dynamical state, to the aftermath. The wealth of direct observational data shows that, in general, CMEs have Ðnite lateral spatial extent, requiring a fully three-dimensional model to properly describe the observed phenomena. By "" fully ÏÏ we mean that there is variation with all three spatial dimensions without special symmetry. The purpose of this paper is to present such a three-dimensional MHD model to address issues of CME structure.
Mathematical problems dealing with fully threedimensional magnetic Ðelds are generally formidable, even with the use of numerical methods. This paper takes a substantive step toward the treatment of such problems in time-dependent mass expulsion. We will use a method of analytical construction that can produce exact MHD solutions for our use without the assumption of special symmetry. This method is interesting in its own right and has potential for greater applicability than employed here. In 1 Laboratory for Astronomy and Solar Physics, NASA Goddard Space Flight Center.
2 NCAR is sponsored by the National Science Foundation.
order to render it available for future use and not allow its details to detract from our physical motivation relating to CMEs, we have put the mathematical construction in Appendices and at the end of this paper. In the main A B text of the paper, we shall simply describe how the method produces the solutions that we will use to model the CME.
In we review the part of CME phenomenology rele-°2, vant to the issues of magnetic structures in CMEs, leading to a set of requirements for the CME model presented in Our conclusion is given in°3.°4.
THE CME AND ITS MAGNETIC FIELD
CMEs are usually observed with a coronagraph, an instrument designed to observe the faint solar corona, normally visible only during a solar eclipse, by artiÐcially occulting the solar disk. The coronal image thus formed registers photospheric white light Thomson-scattered into the line of sight [see (Pl. 12) ]. Because the light Fig. 1 scatters o † free coronal electrons, the brightness of coronal structures is a measure of the coronal electron density integrated along the line of sight (Billings 1966 ; Hundhausen 1993) .
CMEs are transient events, but are intrinsically linked to long-lived, preexisting coronal structures. displays Figure 1 a time sequence of images, taken from the archive of the coronagraph on board the NASA Solar Maximum Mission (SMM) satellite, showing a CME in progress & (Illing Hundhausen In this sequence, a preexisting coronal 1986). helmet streamer is seen to break apart into an expanding structure that travels out of the corona at a speed of the order of 500 km s~1. The mass in the leading looplike structure of the CME has been estimated to be of the order of 1015 g. The CME has a three-part structure : a bright leading loop, a dark cavity surrounded by the loop, and a high-density structure in the cavity, often in the form of an erupted prominence. This three-part structure may be iden-tiÐed with a similar structure in the preexisting coronal helmet streamer : the high-density dome, the prominence cavity at the base of the dome, and the quiescent prominence in the cavity A great many CMEs (Engvold 1989) . originate from the breakup of a helmet streamer and display the same characteristic three-part structure Picat, & (Crifo, Cailloux In some cases, especially 1983 ; Hundhausen 1988) . those CMEs expelled from an active region, the cavity may contain an amorphous high-density core instead of the Ðla-mentary structures characteristic of an erupted prominence & St. Cyr It is unclear whether such (Burkepile 1993) . amorphous cores are prominence materials which have lost their original Ðlamentary structures or are of some other origin. It will be our hypothesis in this paper that the characteristic three-part structure observed in many cases is due to a common basic topological form of the magnetic Ðelds in the CMEs.
Little direct observational knowledge of the coronal magnetic Ðeld exists. The corona at 2 ] 106 K is so highly ionized that it is difficult to determine or detect the coronal magnetic Ðeld by spectroscopic means, as is done routinely for the photospheric Ðeld. Much of what is known about the coronal magnetic Ðeld is based on inference. Since the corona at its high temperature is practically a perfect electrical conductor, the plasma is constrained to move along the embedded magnetic lines of force, except in highly dissipative situations as during a Ñare (Parker 1979 ; Priest Therefore, the striations in solar plasma structures 1982). and the apparent channeling of moving plasmas are reasonably interpreted to be delineating bundles of magnetic line of force. Furthermore, the corona is generally thought to be dichotomized into regions where the Ðeld is closed or is open to interplanetary space The (Hundhausen 1977) . former are the helmet streamers, and the latter are the regions between the helmet streamers, most notable of which are the coronal holes over the poles of the Sun during solar minimum. This physical picture is supported by the observed correlation between solar wind magnetic structures and the coronal holes interpreted to be their magnetic origin & Sheeley (Wang 1990 ; Zirker 1977) . In this manner, observations of coronal structures in white light or emission lines have historically been used to gain insight into the nature of the large-scale magnetic Ðeld in the corona (e.g., & Newkirk & Altschuler 1969 ; Bagenal Gibson & Bagenal Bagenal, & 1991 ; Gibson 1995 ; Gibson, Low et al. & Altschuler 1996 ; Levine 1977 ; Newkirk 1970 ; For our CME model, we consider the Schatten 1969). white-light observations of CME eruptions and the preeruption corona in order to design an appropriate corresponding magnetic Ðeld structure.
CME Precursors
As mentioned above, a common CME precursor is the presence of a dark cavity located at the base of the helmet streamer, just above the polarity inversion line. In such a cavity, a prominence is often found (seen as an embedded sheet of plasma). In scattered white light, darkness implies absence of material, and we interpret the cavity as a region of locally enhanced magnetic Ðelds whose magnetic pressure makes up for the deÐcit in gas pressure and thus keeps the cavity from inward collapse Observation (Low 1980) . and modeling of the prominence and its cavity have led to the hypothesis that the cavity magnetic Ðeld is a rope of twisted magnetic Ñux, such as is sketched in Figure 2 (Low FIG. 2 .ÈSketch of the idealized solar corona taken to be symmetric about both the axis and the Equator of a large-scale dipolar magnetic Ðeld. As indicated by the arrowed lines of force, the corona is divided into an equatorial region of static closed Ðelds sandwiched between the highlatitude open-Ðeld regions where the expanding solar wind Ñows. The closed region consists of a bipolar arcade of Ðeld lines, appearing in white light as a high-density dome blending into the streamer, and a cavity lying below this dome that is magnetically characterized here as a twisted magnetic Ñux rope entirely closed upon itself within the cavity and encircling the Sun above the magnetic Equator. The prominence is modeled as a sheet of material suspended inside the Ñux rope. The open magnetic Ðeld is poloidal, but an azimuthal Ðeld component is present in the magnetic Ðelds which are either completely closed or anchored at the base, so that the arrowed lines for the latter are to be interpreted as lines of force projected onto the meridian plane & Hundhausen (Low 1995) . & Hundhausen et al. & 1994 ; Low 1995 ; Wu 1995 ; Wu Guo In the axisymmetric case sketched here, the 1997). magnetic Ñux rope is fully detached from the base of the corona and winds all the way around the Sun with a strong toroidal Ðeld component out of the meridional plane shown. It is surrounded by an arcade of bipolar Ðeld lines which have both ends anchored to the base, and this arcade is, in turn, surrounded by completely open, bipolar Ðeld lines. The Ñux rope is magnetically cut o † from the photosphere, which is the source of mechanical power for heating and mass supply for the corona. This naturally explains why the thermodynamic state of the Ñux rope is dramatically di †erent from the rest of the helmet. Shut o † from the source of heating and mass, thermal condensation can take place readily in the Ñux rope, explaining the low density in the Ñux rope and the formation of the prominence within. (See & Hundhausen for further discussion.) Low 1995 However, the axisymmetric case is a simpliÐcation. In the realistic three-dimensional situation, the fully detached Ñux rope in would be replaced by one whose two Ðnite Figure 2 ends fold down to blend into some complex magnetic Ðelds, connecting it to the photosphere. The Ðeld lines themselves, making up the Ñux rope, would be bipolar and anchored to the photosphere, di †ering from the overlying arcade of Ðeld lines by winding a few times about the Ñux rope axis between the two footpoints rather than making a more direct route from one footpoint to the other. The twisted rope is still thermodynamically isolated from the rest of the helmet streamer, because the longer thermal path length of the lines of force winding several times in the corona may promote condensation instabilities to form the prominence and the evacuated cavity (e.g., & Priest Smith 1977) . Figure with a strong enough azimuthal Ðeld component out of 2, the meridian plane, may then be taken to depict the local Ðeld topology at a meridian plane through the midregion of the three-dimensional Ñux rope with Ðnite ends anchored at the photosphere. A Ðrst approach to quantitative modeling, without relinquishing the essential three-dimensional topology of the magnetic Ðeld, is to treat the global dynamics of the CME in terms of integrated or net forces (e.g., Chen
In this paper, we shall construct an exact solution to 1996). the complete set of time-dependent ideal MHD equations for the CME involving a three-dimensional Ñux rope, embedded in an external, open, bipolar magnetic Ðeld.
CME Eruptions
The structure of the CME itself is directly related to the structure of its helmet streamer precursor described above. In the 1990s, simultaneous observations of CMEs in white light and soft X-rays were conducted. White-light observations were conducted with the High Altitude Observatory (HAO) coronameter from the ground at Mauna Loa, and X-ray observations were provided by the instrument on the Y ohkoh satellite. The latter was designed for studying the hot plasmas of Ñares at the high temperatures 2È3 million degrees et al. These simultaneous observ-(Ogawara 1992). ations show few signatures in soft X-rays during the expulsion phase of a CME observed in full spectacular form in white light. Not until the CME has exited from the low corona does the X-ray instrument register the intense heating of the Ñare which often accompanies the CME as an aftere †ect (Hiei, Hundhausen, & Sime This 1994 , 1997 . sequence of events has the simple theoretical interpretation that the CME is an ideal MHD expulsion process (Low When the CME has left the corona and the anchored 1994). part of the coronal magnetic Ðeld has been stretched out into a fully open state, resistive heating sets in as the result of magnetic reconnection to close the opened, bipolar magnetic Ðeld. This resistive heating as the origin of the socalled two-ribbon Ñare was suggested even before CMEs became well known & Pneuman (Hirayama 1974 ; Kopp Now, in the context of the CME, it can be considered 1976). to be the second step of a two-step process, the Ðrst being the opening of coronal magnetic Ðelds by the CME An important implication (Hundhausen 1988 ; Low 1990) . of this interpretation is that the basic magnetic Ðeld topology of the helmet is preserved in its ideal MHD breakup into a CME. Therefore, we expect the CME to have a stretched out but topologically the same magnetic Ðeld as inferred for the helmet, namely, one embedding a bipolar magnetic Ñux rope partially anchored to the coronal base.
Outside the CME, the magnetic Ðeld is open and is pushed aside by the CME traveling out of the corona at typical speeds of about 500 km s~1.
Although the CME is often expelled out of a long helmetstreamer belt overlying a polarity inversion line on the surface of the Sun, its own spatial extension is relatively limited. The distribution of latitudinal angular sizes of CMEs shows a range from 40¡ to 120¡ with a median of about 50¡, based on the SMM coronagraph data set Therefore, the model for a realistic (Hundhausen 1993) . CME must be a three-dimensional closed magnetic Ñux rope structure with a Ðnite lateral spatial extension and initially embedded in an otherwise open, bipolar Ðeld. The time-dependent MHD motion of this embedded magnetic Ñux rope through the corona is the CME event. In the following section, we present such a CME model constructed with the analytical techniques developed in Appendices and A B.
3. THE THREE-DIMENSIONAL CME MODEL
The CME as an MHD phenomenon may be described by the following equations :
for a polytropic plasma of index c Ñowing with velocity in ¿ a spherically symmetric gravitational Ðeld of a star and in the presence of a magnetic Ðeld B. The corona is subject to heating and is an excellent thermal conductor. To retain a qualitative aspect of this heating while keeping the physics simple, we have assumed a polytropic gas to simulate a heated hydrogen gas by taking the polytropic index c to have a value less than 5/3 for expansive motions.
Equations suitably posed as an initial-boundary (1)È(4), value problem, would describe the CME from its initiation in the preeruption corona to its passage out through the corona. This is a formidable problem treated in several recent numerical simulations under the assumption of axisymmetry. & Linker and Mikic (1994) Steinolfson (1988) treated the model in which a helmet streamer without the cavity Ñux rope is caused to open, as the result of photospheric displacements of the feet of anchored bipolar magnetic Ðelds. While such a process is physically interesting in its own right (Low & Low 1986 , 1990 Wolfson 1992 ; & Sturrock Bhattacharjee, & Klimchuk 1989 ; Wolfson, Dlamini its application to the CME has certain limi-1996), tations pointed out in & Smith and Low (1993) Low (1997) . From both observation and theoretical considerations, the cavity Ñux rope is an essential participant in the CME phenomenon Numerical simulation of the CME in (Low 1996) . axisymmetric geometry, to explore the role of the cavity Ñux rope, has begun recently with a successful reproduction of the three-part structure of the observed CMEs work to three-dimensional geometry is important for application to the realistic CMEs.
Although the MHD equations generally require a numerical treatment, opportunities occasionally present themselves for treatment by analytical methods. These opportunities are valuable in allowing us to study physical properties in terms of close-form solutions. Such an opportunity is presented in this paper.
We are interested in the magnetic structures of CMEs during their fully developed motion through the corona. Many CMEs are observed to maintain their large-scale features with coherence during their motions. Therefore, a selfsimilar dynamical evolution is a Ðrst approach to the description of the CME & Hundhausen This is (Low 1987) . the approach we take, yielding, as we shall see, an exact solution to the time-dependent equations (1)È(4) that is capable of modeling the three-dimensional complex magnetic Ðelds of CMEs we might expect from observational considerations.
Self-similar Magnetohydrodynamics
It is shown in that equations (1)È(4) admit Low (1984) time-dependent solutions with the radially directed Ñow
where is a function of time described by ' ss
g and a being constants. In this Ñow, the physical quantities evolve in a self-similar manner according to
where the radial dependence is combined with time via the similarity variable
The quantities given by equations and satisfy the (5) (7)È(9) transport equations for arbitrary forms of H, P, and (2)È(4) D with the assumption of c \ 4/3. then reduces Equation (1) to the form
describing a "" magnetostatic ÏÏ equilibrium state in the similarity space obtained by replacing r with f. One may interpret the transformation from real spacetime to the three-dimensional similarity space (f, h, /) as a noninertial transformation to a frame of reference in which the magnetized plasma appears to be static. The noninertial nature of the transformation manifests itself as a radially directed body force, characterized by constant amplitude a, in the "" stationary ÏÏ frame, acting in addition to the gravitational force, as shown in Of course, this equation equation (11). needs to be supplemented with the solenoidal condition
In the above equations, we have introduced the gradient operator in the similarity space by denoting it with a subscript as shown. A solution to the time-dependent problem is generated by a solution to equations for H, P, (11)È(12), and D. In terms of these quantities and the temporal function deÐned by with prescribed constants g ' ss equation (6) and a, the physical solution is given by equations and (5) Depending on the values of g and a, the outward (7)È(9). expansion exhibits a variety of behaviors : accelerated expansion (a [ 0), decelerated expansion (a \ 0), and inertial expansion (a \ 0) (see discussion in
An intu Low 1982) . itive way of interpreting is to take note from equation (11) that in the self-similar Ñow, each Ñuid particle Low (1982) moves, in such a way that f is a constant on the particle. The coordinates h and / are also Ðxed on the particle because its motion is radial. The net force acting on the particle is represented by the term with amplitude a in for a Ðxed set of values of f, h, /. This net force equation (11) is radial and is outward, inward, or zero, respectively, for
At the time the self-similar MHD theory discussed here was Ðrst developed there were no obvious ways (Low 1984) , to solve the magnetostatic equations and in fully (11) (12) three-dimensional space. The combination of the special transformations derived in Appendices and provides a A B Ðrst opportunity to study fully three-dimensional, timedependent magnetohydrodynamics by explicit solutions.
3.2. A Method of Constructing T hree-dimensional MHD Solutions For completeness of discussion within this section, we outline the principal steps of solution construction described in detail in Appendices and The central idea A B. of the construction is the following mathematical transformation. Take the magnetostatic equations describing magnetic Ðeld b and pressure % in spherical coordinates r, h, / :
and subject the solution to these equations to a geometric radial stretching described in r ] r [ a, a Appendix A : being a constant. This is a strictly mathematical procedure which yields a solution (B, p) satisfying the magnetostatic equations
di †ers from the latter having a Equation (13) equation (15), centrally directed body force with a spherically symmetric density F(r) in spherical coordinates. In the case of a static stellar atmosphere, for example, we may set
to describe the stellar gravitational Ðeld, G and M being NewtonÏs constant and the stellar mass, respectively. Formulae relating (b, %) to (B, p) are given in Appendix A. Vol. 493
To the extent that we are able to solve in equation (13) Figure 3 . because Lp is a spherical Ñux surface, we are at liberty to rotate the entire (X@, Y @, Z@) coordinate system with respect to the (X, Y , Z) frame with no problem for the superposition of the Ðelds.)
Taken as a global solution to the total equation (13), pressure % ] b2/8n is not continuous across the boundary Lp since the solutions inside and outside p are unrelated. This means that the boundary Lp is not in static equilibrium. However, at this stage of the construction, no density structure is provided for, since, in the absence of the centrally directed external force F, the static equation (13) does not involve the density. The solution so far has been created purely by a mathematical procedure to capture a desired global Ðeld topology (see [Pl. 13] ). This topol- Fig. 4 ogy will be combined with the mathematical stretching transformation of in order to arrive ultimately Appendix A at a truly physical solution that satisÐes all requirements of force equilibrium, including the continuity of the total pressure across all interfaces.
Thus, we take the global solution b and subject it to the stretching transformation r ] r 
For a [ 0, this transformation stretches space inward toward the origin. It e †ectively contracts the sphere of radius a, centered at the origin, to the point at the origin, and deforms the space outside this sphere symmetrically in all directions, with the contractive deformation diminishing at large r. As illustrated in this transformation Figure 5 , The transformed solution satisÐes B int equation (15), which introduces a density structure to be associated with the magnetic Ðeld. The exterior Ðeld also is now non-B ext potential with a density associated with it given by equation
The continuity of the total pressure across the surface (15). L& becomes crucial, since we now require this surface to be in force equilibrium. The magnetostatic is equation (15) linear in pressure and density. The combination of equations and for c \ 4/3 imposes no relationship (4), (8),
between P and D. This is a particular property of the selfsimilar Ñow given by Therefore, the equation (5) (Low 1984) .
FIG. 5.ÈLimiting case
where the leftmost point of the a \ r 1 [ r 0 , circle is mapped exactly onto the origin. The mathematical stretching transformation takes a circle Lp that is located in the Y -Z plane, of radius and displaced a distance from the origin, and maps it to the tearr 0 , r 1 shaped curve L&. This contraction "" stretches ÏÏ the space r [ a radially inward, under the transformation r ] r [ a (any points r \ a are collapsed onto the origin).
pressure and density satisfying may be adjustequation (15) ed by an arbitrary additive component, denoted by p 0 (r) and respectively, such that o 0 (r), dp
The free functions and may be chosen, as p 0 (r) o 0 (r) described below, to ensure that the total pressure is continuous across L&. The surface L& is axisymmetric about the Z-axis of and the external Ðeld outside of it is Figure 3 , B ext also axisymmetric about the Z-axis. The internal and its B int pressure have been constructed in such a way that they both vanish at the surface L&. Direct evaluation of the total pressure on the two sides of L& then gives the jump of the total pressure on that surface. The axisymmetry of L& about the Z-axis means that this total pressure jump is a function of the radial coordinate taken on L&. It then follows that if we introduce two suitable (di †erent) proÐles of and for p 0 o 0 the interior and exterior of &, the plasma pressure in the two regions may be adjusted in such a way that the total pressure is made continuous across L&. In this manner, the Ðnal solution obtained satisÐes force equilibrium everywhere, inside and outside & and on the surface L&.
This is the global solution we shall take to be the solution to in the similarity space (f, h, /), which upon equation (11) transformation into physical spacetime gives a timedependent self-similar solution to the MHD equations (1)È(4).
T he Global CME Model
We are now ready to apply this model to the solar corona. The solution to is obtained by comequation (13) bining the internal and external solutions and
The solution to is Appendix B. equation (15) then obtained by using the stretching transformation r ] r [ a described in with Appendix A a \ r 1 [ r 0 /2 (speciÐcally, a \ 0.7, and r 1 \ 1.2, r 0 \ 1.0, a 1 \ 0.23). Finally this solution is applied to the similarity space via and transformed to physical space through equation (11), equations to give a description of the time evolu-(6)È(10), tion of a model CME. We choose the case a \ 0 as the simplest example for the purpose of illustration. In this case the net force vanishes in the self-similar Ñow as can be seen by setting a \ 0 in (a is deÐned in equation (11) eq.
[6]). Each particle of Ñuid moves at a constant Lagrangian speed. Di †erent particles have di †erent Lagrangian speeds, as described by the spatially varying Eulerian velocity. Thus with g \ 1/36002 chosen to normalize the time-' ss \ g1@2t, scales so that the speeds of the di †erent parts of the model CME are of the order of a few hundred km s~1, as observed of CMEs. For the parameters we have chosen, the constant Lagrangian velocity of the front of the CME is 580 km s~1.
We take the polar axis for the Sun to be the Y -axis in the coordinate system of Thus, the global Ðeld is inter- Figure 3 . preted to be the heliospheric open bipolar Ðeld embedding a magnetic structure at the solar equator, which we take to be the closed Ðeld region of the CME. Figures and (Plates 7 8 15È18) show the evolving CME density and magnetic Ðeld structure seen projected in the plane of the sky and moving outward from the west (right) solar limb.
shows the Figure 7 closed internal structure of the CME oriented so that X@ p X in the coordinate system of The Ðeld structure Figure 3 . contains a magnetic Ñux rope perpendicular to the plane of the sky, appearing here, centered at the solar equator, as a hole in the Ðeld lines (see particularly is Fig. 7d) . Figure 8 oriented so that X@ p Y , so that the Ñux rope appears as a bundle of Ðeld lines twisted about an axis parallel to the solar limb (see particularly Fig. 8d) .
We digress here to discuss an important point on the magnetic Ðeld topology displayed in Figures and  in  7 8, order to relate it to quiescent prominences. Returning to the simpler axisymmetric corona seen in note that in Figure 2 , this model, the prominence is a long sheet of plasma embedded in a magnetic Ñux rope. This sheet is composed of cold plasma pieces residing at the gravitational bottoms of the concentric magnetic lines of force. This Ñux rope runs the length of the prominence. The magnetic structure in Figure  may be characterized to be one with two Ñux systems 2 & Hundhausen There is the Ñux system (Low 1995) . running along the prominence, oriented parallel to the photospheric polarity inversion line below. The second Ñux system corresponds to those magnetic Ðelds anchored to the photosphere on the two sides of the polarity inversion line. In the axisymmetric geometry of Figure 2 , the two Ñuxes are separate.
In the more realistic geometry of Figures and these 7 8, two Ñuxes are linked into a stretched ball of magnetic Ðelds, tethered to the origin, and described by the solution In B int . the twisted Ðeld winding around a local axis per- Figure 7 , pendicular to the plane of the sky gives a Ñux-rope structure aligned with this axis and appearing as a hole in the Ðeld lines. In the Ñux rope is located parallel to the Figure 8 , solar limb. This Ñux rope can be identiÐed with the part of the cavity which can embed a prominence (although we note that this model can only produce amorphous prominences rather than Ðlamentary ones because of the simple form of the mathematical solution ; see & Low Lites 1997). The Ñux rope is suspended in the atmosphere along the main part of its length, but at its ends, its Ðeld lines wind out of the rope and around to Ðll the rest of the volume and tether the bubble & to the photosphere. These less tightly wound Ðeld lines, which are identiÐed with the second Ñux system, are anchored to the surface, and they lie on the torus-like surface seen most clearly in Figure 7 .
A prominence-type enhancement does indeed appear embedded in the magnetic Ñux rope. The stretching transformation of the Ðeld has mathematically introduced magnetic tension forces requiring the introduction of corresponding gravitational and pressure forces to maintain static equilibrium in the (f, h, /) similarity space. Where magnetic valleys are stretched radially inward, added mass must be introduced whose weight can balance the tension force created by the stretching. The result is a local net density enhancement. Where convex Ðeld lines are stretched, out, a buoyant force is needed to balance the tension force created. The local result is a density-depleted cavity. A comparison of Figure  to Figure shows that 8c 8d the Ðeld lines along the Ñux rope are primarily curved inward, cradling a density enhancement along the Ñux rope. The outer Ðeld lines are mainly pulled outward, requiring a buoyant cavity above the density enhancement. Figure 7d also shows the buoyant cavity, as well as a smaller end-on version of the density enhancement centered at the equator. The density enhancement around the bubble boundary between the internal and external solutions is created partly by the matching of the total pressure across the boundary L&. This three-part structure of a spheroidal front surrounding a cavity and a following dense core (which we can identify with a prominence) is, as discussed above, characteristic of many CMEs.
The density contours of Figures and are negative 7 8 where there is a local depletion, and positive where there is a local enhancement, both measured relative to an unspeciÐed background hydrostatic atmosphere. As we have stated, the linearity in p and o in the equilibrium equation allows for an arbitrary superposition of the solution with a spherically symmetric hydrostatic atmosphere. This arbitrary background atmosphere needs to be prescribed in such a way that the pressure and density of the Ðnal solution constructed are positive everywhere in the domain.
In order to appreciate the observational implications of the three-dimensionality of the density, we turn to polarized brightness (PB). This quantity PB is the Thomsonscattered, polarized component of the coronal brightness seen in and is a particularly useful observable Figure 1 , because it is directly proportional to the integral along the line of sight of the electron density. Given a density distribution predicted by the model, and assuming a scattering function that takes into account the extended source of light of the solar disk as well as limb darkening, we can compute a model PB
In the gray-scale image plots of (Billings 1966).
Figures and
we plot the model PB that a coronagraph 9 10, would observe for the two orientations of the CME seen in Figures and respectively. The dark regions occur where 7 8, the integral along the line of sight of the density shows net depletion, and bright regions lie where the net density integral is enhanced.
is particularly impressive in its qualitative repro- Figure 9 duction of the essential features of the CME seen in Figure The emergence of the three-part structure matches the 1. emergence of a CME in the observation. The mass ejection begins with a bright circular front enclosing a cavity (Fig. Next an amorphous core emerges behind the cavity 9a).
The entire structure expands outward ; leaving (Fig. 9b) . behind a V-shaped density enhancement where the "" legs ÏÏ of the ejection remain, as well as the remains of the bright core (Fig. 9c) .
shows how di †erent the same CME could Figure 10 appear if its magnetic axis were rotated about the Z axis, deÐned in Figure 3 so that the CME has a di †erent orientation at the solar limb. The visibility of the bright core has been greatly diminished, but, on the other hand, the V-like structure seen in is more pronounced. The fact Figure 10c that the white-light coronagraph registers the integral along the line of sight of the density, coupled with the fact that the CME density is fundamentally a three-dimensional distribution, mean that very di †erent white-light structures can arise from the di †erent orientations of the CME structure. A rich variety of CME shapes is indeed observed (Burkepile and St. Cyr 1993).
Discussion
The solution we have constructed describes a global radial outÑow that takes the entire atmosphere with its magnetic structure out to inÐnity. The Eulerian velocity is linear in the radial coordinate and, therefore, is divergent at large distance. This is not a concern because this self-similar solution is to be suitably matched through a transition layer moving ahead into the undisturbed corona (e.g., Low 1984) . In the long-time limit, the self-similar velocity decays locally, and a static atmosphere is left behind. In this process, all magnetic structures not connected to the origin are taken out to inÐnity. Those magnetic structures which are connected to the origin remain connected in such a way that the magnetic Ðeld left behind is purely radial with a static polytropic atmosphere of index 4/3 in static equilibrium with it (Low 1984) .
These properties of the solution need to be placed in the physical context of the initial-boundary value problem describing the whole process, from the CME initiation in a preexisting helmet-streamer structure to the post-CME Ñare involving resistive dissipation. Clearly the self-similar solution we have cannot be the proper solution to this complete initial-boundary value problem. Our solution can only be taken to describe a phase of evolution corresponding to the fully developed CME during its motion out of the corona. Moreover, our solution has to be taken to describe only the dynamics in a spatially limited domain, namely, from the atmospheric base out to the transition layer, possibly involving an MHD shock, propagating into the undisturbed far region
As the event proceeds, the (Low 1984) . appropriate boundary conditions at the base of the corona may not be compatible with what is required to maintain the self-similar motion, even if the motion has been set up initially to be self-similar. Thus, we expect the self-similar solution to evolve in time into a nonÈself-similar phase in response to the changing boundary conditions at the coronal base. One physical reason for this change would be the eventual depletion of coronal materials by the outÑow from the base.
It is during the nonÈself-similar evolution after the CME has long left the coronal base when the magnetic Ðeld reversal layer of the opened bipolar Ðeld low in the corona would collapse as magnetic reconnection sets in to initiate the post-CME Ñare. Reconnection initiates low in the coronal base and proceeds to connect the opened lines of force until such a height where the solar wind Ñow is strong enough to keep the Ðeld open. This entire MHD process, within which the self-similar evolution is only a part, needs to be kept in mind. The self-similar model described in this paper makes assumptions neither regarding the initial triggering of the CME nor about eventual reconnection of the Ðeld lines. It is conceivable that a variety of CME initiation mechanisms may result in the self-similar evolution of a magnetic Ðeld/density structure such as the one we have constructed.
CONCLUSIONS AND FUTURE WORK
By direct construction, we have captured the essence of the CME as a closed magnetic Ðeld structure expanding and pushing its way through surrounding open magnetic Ðelds anchored to the Sun. Observations of CMEs show a common occurrence of an ordered expansion during which the CME maintains an impressive coherent form, and we model this stage of their evolution under the assumption of self-similarity in time. By concentrating on the self-similar development, we are able to relate theoretically the density structure of the CME to its magnetic Ðeld in a selfconsistent, fully three-dimensional MHD model.
In contrast to traditional models of CME 1995) . The evolution of the density structure corresponding to this magnetic structure captures many of the morphological and kinematic properties observed in CMEs. The often observed features of an enhancement around the CME, a cavity inside, and an enhanced core match observations, at least qualitatively. This result encourages us to believe that the basic magnetic structure of our model is an appropriate one to use in further study of CMEs. The core enhancement of this model is necessarily amorphous, rather than Ðlamen-tary, because of the relative mathematical simplicity of the particular model we use. Nevertheless, the premise of magnetic valleys holding dense material is a general one. A more sophisticted model may be able to use Ðeld lines similar to those described by this model as a structure upon which to condense material of scale lengths more appropriate to observed prominence material, and so reproduce a more Ðlamentary structure than those produced in our model (see & Low Lites 1997) . We plan in a future paper to demonstrate how the parameters of the model can be constrained by matching quantitative measurements of PB in CME observations. We can easily add a hydrostatic atmosphere in order to get the background corona if we wish, and can vary the parameters representing the size and location of the bubble as (r 0 , r 1 ), well as those determining the relative importance of gas pressure and magnetic forces a). We also plan to study (a 1 , how the CME would appear projected on the solar disk if we were to change our line of sight to one through the Sun center rather than tangent to the limb. The densities determined in this way might be used to predict coronal emission-line signatures of CMEs.
The duration of the CME event modeled here and the magnitude of its constant Lagrangian velocity of 580 km s~1 agree with observations reasonably well. This is not too surprising, as we were free to choose an appropriate timescale via the parameter g. We plan in our future analysis to vary the parameter a of the self-similar analysis (eq. [6]) which will allow acceleration (or deceleration) of the CME (see for a detailed discussion). Since CMEs Low 1982 appear to undergo some acceleration, particularly at the beginning of their emergence, this will be another parameter that can be Ðtted to observations. The appearance of the CME varied signiÐcantly, depending upon the orientation of its magnetic Ñux rope axis. Observations of CMEs, even when limited to the large set of those with a three-part structure, show a rich variety of forms in white light. Therefore, two more parameters can be exploited to match observations, namely, the rotation of the entire CME structure away from the solar limb onto the solar disk, and the rotation of the CME around its own magnetic axis.
We have presented a Ðrst three-dimensional, timedependent MHD model of CMEs that qualitatively matches observations and can in the future be constrained quantitatively by data. In doing so, we have come a step closer to understanding the magnetic nature of CMEs.
We would like to thank Andy Skumanich and Oscar Steiner for their helpful comments on this paper. This work was carried out during the terms of S. G. 
Replace the independent argument r of b with a new variable "(r), to be determined later, but leave the coordinates h and / unchanged. Henceforth, take b to be a function of ", h, and /, unless speciÐed otherwise. If we deÐne a new transformed magnetic Ðeld B in terms of b as follows,
direct substitution shows that
where we have introduced the operator
It follows that if b(", h, /) is solenoidal in the (", h, /)-space, so is B(r, h, /) in the physical (r, h, /)-space as given by equations for any transformation ". 
where we take % to be a function of ", h, and /. It is straightforward to derive from equations that (A2)È(A4)
Using equations and it follows from equations and that (A8) (A9),
For the magnetic Ðeld B to satisfy the magnetostatic a comparison of the h-and /-components of equation (15), equation with equations and respectively, leads to the requirements (15) (A13) (A14),
Equation has the complete integral (A16)
where k and a are arbitrary constants. Using the solution for " and equations we rewrite to express (A2)È(A4), equation (A15) the pressure p in terms of b and % :
"2 r2 k2% .
We can now use the r-component of to obtain the expression for the equilibrium density : equation (15) o
The derivation is now complete. Given a solution b and % of equations and we can construct a solution to (13 
, determine B, p, and o, respectively. In the analysis of this paper, we have set k \ 1, since varying k merely scales the entire system.
If the force density F(r) is the gravitational Ðeld of a star, as given by equation B, p, and o describe a static atmosphere (17), in which the Lorentz force balances the pressure gradient and gravitational forces. In principle, the pressure and density are related by an independent equation for steady energy balance : equation and the solenoidal condition together pose four (15) equations for Ðve unknowns (namely, the three components of B, along with p and o), and so require an additional equation to close the system. In the above construction, the solution to the well-posed problem of four equations (i.e., eqs. and [13] in four unknowns (b, %) is transformed to a solution of the underdeterminate system (i.e., eqs. and in the Ðve [14])
[15]
[16]) unknowns (B, p, and o) by relating B to b through the coordinate ". The underdeterminate system is e †ectively closed by the prescription of the functional form of " (eq.
Given that the fully three-dimensional magnetostatic problem is very [A17]). complex and poorly understood, it is reasonable to ignore the demand of energy balance and use the above transformation as a means of generating equilibrium states for studies that concentrate on exploring magnetic morphologies rather than the precise mechanism of energy balance in a given physical situation. This is the basic motivation of the approach taken here and elsewhere.
There is one circumstance under which the underdeterminacy of equations and is physically quite meaningful. This (15) (16) is the case of the self-similar time dependent expansion of the c \ 4/3 polytropic plasma which conserves its (Low 1984) , entropy-like quantity
It is shown in that the velocity given by describes Lagrangian motions of particles in the Ñow which Low (1982) equation (5) keep the radial coordinate f, given by equation (10), constant on each particle. Hence, s cannot depend on time except through f. Once each particle is given a value of s in the Ñow, it remains unchanged, but that value can be arbitrarily prescribed. Hence, while serves to physically close equations and there is no mathematical closure because s is an equation (A20) (15) (16), arbitrarily prescribed function. By prescribing the form of " in we mathematically close the system, and when equation (A17) this solution is transformed to the self-similar system, the choice of " corresponds physically to a choice of self-consistent "" entropy ÏÏ distribution in the time-dependent magnetohydrodynamic Ñow.
APPENDIX B GLOBAL SOLUTION TO EQUATION (13)
Our global solution consists of an open magnetic Ðeld surrounding a self-contained spherical region p of closed magnetic Ðeld. The region p has radius and is centered a distance from the origin of the open Ðeld. shows the coordinate r 0 , r 1 Figure 3 systems we will use in our construction : (X, Y , Z) is the Cartesian system associated with the spherical coordinates (r, h, /), and (X@, Y @, Z@) is the Cartesian system centered at the center of the sphere p, associated with the spherical coordinates (r@, h@, /@).
B1. MAGNETOSTATIC SOLUTION OUTSIDE p : b ext
To construct the external potential Ðeld with lines of force anchored at one end at the origin and streaming out to inÐnity without penetrating the sphere p, we look for a solution symmetric about the Z axis. The streaming magnetic Ñux can be accounted for by placing a monopolar magnetic source at the origin. However, since the surface of the sphere, Lp, needs to be a magnetic Ñux surface, it follows that the magnetic source at the origin must be superposed with other sources inside p which are its inverse images. This works out mathematically as follows & Low (Chou 1994) . We write the magnetic Ðeld in terms of the stream function A :
The stream function for the potential Ðeld due to the monopolar source at the origin is
The method of images gives the image of by inversion about the sphere Lp :
The sum on the surface Lp so that this sphere is a Ñux surface of The potential Ðeld generated by
( 1 is, however, singular along the axis of symmetry (the Z-axis in These singularities correspond to a distribution of Fig. 3) . magnetic monopolar sources along the axis of symmetry. This peculiarity arises because the image within p of a monopolar Ðeld cannot be a pure monopolar Ðeld. To remove these singularities outside p, we introduce one other potential stream function for superposition. Direct calculation gives ( 2
This stream function is its own self-image, ensuring that the sphere of inversion p remains a Ñux surface. This potential is ( 2 able to cancel out the singularities along the axis of symmetry introduced by except for a small region along the axis of ( 1 , symmetry in the southern hemisphere within the bubble bounded by Lp. Because the singularity of the total solution
is restricted to within p, where we will be replacing the potential Ðeld by a di †erent internal solution, it is enough that the potential Ðeld generated by A is everywhere regular outside p. To convert the monopolar Ðeld outside p to the global dipolar Ðeld, we may simply Ñip the sign of the Ðeld in either the northern or southern hemisphere of the Sun, deÐned so that the Y -axis in is taken to be the solar polar axis. Then the discontinuity of the Ðeld across the solar equator gives the Figure 3 equatorial current sheet operating the bipolar Ðelds in the two hemispheres.
Since the outer magnetic Ðeld is potential, the gas pressure % in may be taken to be zero for this outer equation (13) solution.
B2. MAGNETOSTATIC SOLUTION INSIDE p : b int
We seek an inner solution satisfying that describes a torus of magnetic Ñux wholly contained inside the sphere equation (13) p. To keep the mathematical problem tractable, we look for a solution which is axisymmetric about the X@ axis at the center of the sphere p in The desired solution is taken from the Appendix of et al. Ðrst developed to simulate the Figure 3 . Lites (1995), emergence of a d-sunspot into the photosphere. This solution describes a magnetic Ðeld
A \ 4na 1 a 0 2
where
with restricted, for a given by a 0 r 0 ,
involving the Bessel function in standard notation. The spherical coordinates (r@, h@, /@) are associated with the Cartesian system (X@, Y @, Z@) with the X@ axis taken as the axis of symmetry. We will use the smallest eigenvalue of a 0 r 0 \ 5.763854. The inner magnetic Ðeld can be calculated from its stream function using to calculate and The gas equation ( 
B3. GLOBAL SOLUTION : b
We create the global solution for the magnetic Ðeld by linearly superposing the inner solution inside p and the outer b int solution outside p, and rewriting the entire combined solution in terms of the coordinate system (r, h, /). Although each of b ext the two solutions is axisymmetric in its own domain, the two axes of symmetry are perpendicular to each other (see Fig. 3) . Hence, the composed global solution is not axisymmetric. Each solution satisÐes but because they are quite equation (13), separate solutions, they do not have the same total pressureÈmagnetic plus plasma pressuresÈat the interface Lp. The internal solution has been constructed in such a way that the stream function A and its derivatives are zero on the bubble boundary et al.
Since the inner-solution pressure % is proportional to A, the total pressure of the internal (Lites 1995). solution vanishes on Lp. The outer solution has zero pressure but gives a nonvanishing magnetic pressure at Lp. There is then no way for the total pressure to be continuous across Lp. This implies that equilibrium is obtained everywhere except at the interface. However, this physical limitation is not crucial at this stage of the construction, as explained in the text.
shows the magnetic lines of force projected onto the Y -Z plane.
shows the internal solution oriented as Figure 4 Figure 4a in with X@ p X, Y @ p Y , and Z@ p Z. Since Lp is a spherical Ñux surface, we can rotate the entire internal (X@, Y @, Z@) Figure 3 , system with respect to the X, Y , Z) system without a †ecting the geometry of & and L&.
shows the internal solution Figure 4b rotated about the Z-axis so that X@ p Y , Y @ p X, and Z@ p Z. The internal solution is now symmetric about X@ p Y . We perform this rotation to reveal the variation of the Ðeld of three dimensions in Figure 4 . Note in particular the "" Ñux rope ÏÏ made by the helical Ðeld lines winding about the axis of symmetry : it appears as a hole in the Ðeld lines in and as a twisted Figure 4a , bundle of Ðeld lines in
The mathematical rotation of the internal solution relative to the Ðxed external Ðeld will also Figure 4b . be used as a model parameter of the Ðnal, physical CME construction, to control how the orientation of the CME magnetic structure can a †ect its appearance as observed in white light.
